In this paper we study a free boundary problem modeling the growth of tumors with fluid-like tissue under the action of inhibitors. The model includes two elliptic equations describing the concentration of nutrients and inhibitors, respectively, and a Stokes equation for the fluid velocity and internal pressure. By employing the functional approach, analytic semigroup theory and Cui's local phase theorem for parabolic differential equations with invariance, we prove that if a radial stationary solution is asymptotically stable under radial perturbations, then there exists a non-negative threshold value γ * such that if γ > γ * , then it keeps asymptotically stable under non-radial perturbations. While if 0 < γ < γ * , then the radial stationary solution is unstable and, in particular, there exists a center-stable manifold such that if the transient solution exists globally and is contained in a sufficiently small neighborhood of the radial stationary solution, then it converges exponentially to this radial stationary solution (modulo translations) and its translation lies on the center-stable manifold. The result indicates an interesting phenomenon that an increasing inhibitor uptake has a positive effect on the tumor's treatment and can promote the tumor's stability.
Introduction
During the past several decades, considerable attention has been attracted to mathematical models for the growth of various tumors in vivo and in vitro. Most models are considered solid tumors and it is assumed that the tumor tissue has the structure of porous medium so that Darcy's law applies (see, e.g., [2] - [5] , [22] , [24] and the references cited therein). Accordingly, many significant results have been obtained for rigorous analysis of such solid tumor models (cf. [2] , [6] - [11] , [20] , [21] , [27] , [31] ). However, there exist tumors for which the tissue structure is more naturally modeled as fluid. For example, in early stages of ductal carcinoma in situ of the breast, the tumor is confined to the duct of a mammary gland, which consists of epithelial cells, a meshwork of proteins and extracellular fluid. In modeling, this leads to the employment of the Stokes equation rather than Darcy's law to model the tumor growth [12] - [17] . In this paper we study such mathematical models for tumors with fluid-like tissue under the action of inhibitors:
in Ω(t), t > 0, (1.2) σ =σ on ∂Ω(t), t > 0, (1.3) β =β on ∂Ω(t), t > 0, (1.4 )
in Ω(t), t > 0, (1.6) T(v, p)n = −γκn on ∂Ω(t), t > 0, (1.7)
V n = v · n on ∂Ω(t), t > 0, (1.8 )
t>0, (1.10) 3 (t, x))) and p = p(t, x) are unknown functions representing the nutrient concentration, the inhibitor concentration, the fluid velocity and the fluid pressure, respectively, and Ω(t) is an a priori unknown bounded domain in R 3 occupied by the tumor at time t. λ 1 , λ 2 , μ, ν,σ,β,σ and γ are positive constants, among which λ 1 and λ 2 denote the nutrient and inhibitor consumption rate, respectively, μ is the proliferation rate, ν reflects the negative function of the inhibitor on the tumor's growth,σ andβ mean the constant nutrient and inhibitor supply that the tumor receives from external host tissue,σ is the threshold nutrient concentration for apoptosis, and γ denotes the surface tension coefficient of the tumor surface. Besides, κ, n and V n are the mean curvature, the unit outward normal and the normal velocity, respectively, of the free boundary ∂Ω(t). The sign of κ is defined by the convention that κ ≥ 0 at points of convex hypersurfaces. T(v, p) is the stress tensor given by
where I denotes the unit tensor. The problem (1.1)-(1.11) was first originated by Franks et al. in [12] - [15] and concisely reformulated by Friedman in [16, 17] . As an extension, the action of inhibitors on the tumor's growth is also considered in this paper. In this model, the stationary diffusion equations (1.1) and (1.2) combining with the boundary conditions (1.3) and (1.4 ) are used to describe the distribution of the nutrient concentration and the inhibitor concentration, respectively. Accordingly, the problem (1.1)-(1.11) is called the quasi-stationary model. Equation (1.5) is due to the mass conservation law, and the Stokes equation (1.6) subject to the boundary condition (1.7) reflects the motion of tumor cells for the fluid-like tissue. Equation (1.8) is the classical Stefan condition for free boundary ∂Ω(t), and equations (1.9) and (1.10) indicate six scalar constraints for the system (1.5)-(1.7), since it has six-dimensional kernel of rigid motions {a + b × x}. The last equation is the initial condition. If the License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use ASYMPTOTIC BEHAVIOR FOR THE TUMOR WITH FLUID-LIKE TISSUE 4183 stationary diffusion equations (1.1) and (1.2) are replaced by their non-stationary version
in Ω(t), t > 0, (1.12) 
in Ω(t), t > 0, (1.13) where the positive constant c 1 (resp. c 2 ) denotes the ratio of the nutrient diffusion time (resp. inhibitor diffusion time) and the tumor-cell doubling time and is very small (cf. [12] , [16] , [17] ), the resulting problem of (1.1)-(1.11) is called the fully non-stationary model.
In the inhibitor-free case (i.e. β = 0), it is not difficult to verify that if 0 <σ <σ, then the free problem (1.1)-(1.11) has a unique radial stationary solution, which is denoted by (σ * , v * , p * , Ω * ). For the fully non-stationary model, Friedman established the local well-posedness in Hölder spaces in [16] and proved with his coauthor Hu in [18] that there exist symmetry-breaking bifurcation branches of solutions bifurcating from the unique radial stationary solution (σ * , v * , p * , Ω * ). They also proved in [19] that (σ * , v * , p * , Ω * ) is linearly asymptotically stable for small μ/γ, that is, there exists a threshold value (μ/γ) * such that if μ/γ < (μ/γ) * , then the trivial solution of the linearization at (σ * , v * , p * , Ω * ) of the original problem is asymptotically stable, while if μ/γ > (μ/γ) * , then the trivial solution is unstable. Later on, Wu and Cui improved this linear asymptotic stability to asymptotic stability for the quasi-stationary model in [28] , and finally extended this asymptotic stability result to the fully non-stationary model for small c 1 in [29] . The literature [32] is also mentioned for the study of analyticity of the free boundary in time and space variables for the quasi-stationary model.
In this paper we study the inhibitor-present case (i.e. β = 0) of the quasistationary model (1.1)-(1.11). We expect to determine how inhibitors affect the growth of a tumor with fluid-like tissue. We would like to mention that the study of the effect of inhibitors on tumor growth is a significant topic due to its evident applications to tumor medicine. Indeed, as was pointed out by Byrne and Chaplain in [4] , [5] , analysis of mathematical models can help medical doctors and researchers to assess the relative merits of different courses of drug treatment and/or chemotherapy. One could see in the forthcoming sections that the inhibitor-present case is more complicated in rigorous analysis than the inhibitor-free case. For previous works concerning the presence of inhibitors, we refer the readers to the literatures [7] , [27] , where solid tumors with porous medium tissue were considered. By applying a functional analytic method, a delicate spectrum analysis and Cui's local phase theorem for abstract parabolic differential equations with invariance in Banach spaces developed in [9] and [30] , we prove that if a radial stationary solution (existence and distribution of radial stationary solutions of (1.1)-(1.11) have been well figured out; see below) is asymptotically stable under small radial perturbations, then there exists a non-negative threshold value γ * such that if γ > γ * , then it is still asymptotically stable under small non-radial perturbations, whereas if 0 < γ < γ * , then it is unstable. Moreover, for the unstable case, there exists a center-stable manifold such that if the transient solution exists globally and is contained in a sufficiently small neighborhood of the radial stationary solution, then it converges exponentially to the radial stationary solution (modulo translation) and its translation lies on this center-stable manifold. It is worth noting that our results indicate an interesting phenomenon that an increasing inhibitor supply has a positive effect on the tumor's treatment and can promote the tumor's stability; cf. Remark 1.3 below. It is also pointed out that compared to a solid tumor with porous medium tissue under the action of inhibitors [27] , a tumor with fluid-like tissue under the action of inhibitors has its own characteristic; see Remark 1.4 for more details.
To give a precise statement of our main result, let us make some preparations. By scaling we assume that μ = 1. We also assume that λ 1 = λ 2 for simplicity, since the case λ 1 = λ 2 can be treated similarly. It is not difficult to verify that the radial stationary solution of the problem (1.1)-(1.11), which we denote by (σ s , β s , v s , p s , Ω s ), has the form (cf. [28] )
− νβ, e r = x/r, g(r) = (r coth r − 1)/r 2 , and R s is the root of the equation
As was analyzed in [7] 
For t ≥ 0 and ω ∈ S 2 , we identify the functions ρ(t)(ω) with the functions ρ(t, ω). Then we can define Ω(t) := Ω ρ(t) , Ω 0 := Ω ρ 0 , and rewrite the initial condition (1.11) as 
Finally, we introduce a convergent sequence {γ n } n≥2 as 20) and define γ * := sup{0, γ 2 , γ 3 , · · · }, where I m (r) (m ≥ 0) represents the modified Bessel function.
The main result of this paper is stated as follows:
be the radial stationary solution of the problem (1.1)-(1.11). Given 3 < q < +∞, there hold the following assertions:
(i) If f (R s ) < 0, then for any positive γ > γ * the radial stationary solution (σ s , β s , v s , p s , 0) is asymptotically stable in the following sense: There exists a constant ε > 0 such that for any ρ 0 ∈ B
for all t ≥ 0, and there are positive constants ω, K independent of the initial data and a point x 0 ∈ R 3 uniquely determined by the initial data, such that for all t ≥ 0,
Based on the results obtained in Section 4, by some suitable modifications (with no essential difficulties but very complicated calculations) of the framework of [29] , we can extend the results of this paper to the fully non-stationary model for small c 1 and c 2 . Remark 1.3. It is worth noting that the threshold value γ * is a monotone decreasing function of the inhibitor suppleβ (cf. Section 4), which means that an increasing inhibitor supply has a positive effect on the tumor's treatment and it can promote the tumor's stability.
Remark 1.4. It is interesting to compare the threshold value γ * with the corresponding one, which we denote byγ * , obtained in [27] for a solid tumor model with porous medium tissue. We find that a tumor with fluid-like tissue has its own characteristics. In fact, similar stability results have been obtained in [27] : If a radial stationary solution is asymptotically stable under radial perturbations, then there exists a threshold valueγ * such that if γ >γ * , then it remains asymptotically stable under non-radial perturbations, whereas if 0 < γ <γ * , then it is unstable. We show that if 0 < R s < √ 210/5, then γ * >γ * , while γ * <γ * if R s is large enough (see Lemma 4.8 for more details). From the point of view of modeling, this implies that a radial solid tumor with porous medium tissue in the dormant state is more stable than a radial tumor with fluid-like tissue for small R s , whereas for large enough R s this is reversed.
The structure of the rest of this paper is arranged as follows. In the next section, we transform the free boundary problem (1.1)-(1.11) into an initial-boundary value problem defined on a fixed reference domain. In Section 3 we further reduce the problem obtained in Section 2 into a Cauchy problem of an abstract differential equation in Banach space and establish its local well-posedness. Section 4 aims at investigating the linearization of (1.1)-(1.11) at the radial stationary solution and calculating the spectrum of the reduced linearized operator. In the last section we study the asymptotic behavior of solutions of (1.1)-(1.11) and give the proof of the main result.
Transformation
In this section we convert the free boundary problem (1.1)-(1.11) into an initialboundary value problem on the fixed reference domain Ω s . Let 3 < q < +∞ be given as in Theorem 1.1. Let a 0 ∈ (0, R s /4) and
By Sobolev embedding theorem we have B
is a Banach algebra. For each given ρ ∈ O, we define a mapping
It is easy to see that Im(ψ ρ ) = ∂Ω ρ . Moreover, ψ ρ is near the identity and ψ ρ ∈ Diff 3 (∂Ω s , ∂Ω ρ ), provided a 0 > 0 is sufficiently small. Since we only consider the small non-radial perturbation of radial stationary solution, we assume there exists ρ 0 ∈ O such that ∂Ω 0 = Im(ψ ρ 0 ).
Let π * : C(∂Ω s ) → C(S 2 ) and π * : C(S 2 ) → C(∂Ω s ) be the pull-back and pushforward operators induced by the natural projection from S 2 to ∂Ω s , respectively, i.e.,
where u is the solution of the following elliptic boundary value problem:
By the well-known theory of elliptic differential equations, we see Π ∈ L(B
provided that a 0 is sufficiently small. We denote by Ψ * ρ and Ψ ρ * the pull-back and push-forward operators induced by Ψ ρ , respectively, i.e.,
Let ρ ∈ O be given. We introduce the following transformed differential operators as in [28] :
More precisely, by letting
Clearly, for sufficiently small a 0 > 0,
Then by the Sobolev embedding theorem and the properties of the Banach algebra W m,q (Ω s ) for m ≥ 1 and q > 3, we can easily verify that
Next, for the unit outward normal n and the mean curvature κ of ∂Ω ρ , we define n ρ (x) := n(ψ ρ (x)) and κ ρ (x) := κ(ψ ρ (x)), for x ∈ ∂Ω s .
A simple calculation shows that
where e 1 = (1, 0, 0), e 2 = (0, 1, 0) and e 3 = (0, 0, 1). By (2.3) and (2.5) we have
Let T > 0 be given and consider a function
Then
We have x ∈ ∂Ω(t) if and only if φ ρ (t, x) = 0. It follows that for t ∈ [0, T ] and x ∈ ∂Ω(t), the unit outward normal field n and the normal velocity V n of ∂Ω(t) are given by
Substituting the above formulas into (1.8), we obtain
. We denote w ρ j := Ψ * ρ w j , j = 1, 2, 3. Finally, for σ, β, v and p as in problem (1.1)-(1.11), we denote
Using this notation, we convert the free boundary problem (1.1)-(1.11) into the following problem on the fixed domain Ω s × [0, T ]: In summary, we have the following elementary result: 
Reduction
In this section we reduce problem (2.8)-(2.18) into a Cauchy problem of an abstract differential equation in Banach space, which contains the unknown function ρ only. We shall also prove that this equation is of parabolic type and establish its local well-posedness.
We first give a preliminary result: 
Proof. For given ρ ∈ O, it follows from (2.2) that A(ρ) is the Laplace-Beltrami operator on Ω s with respect to the metric induced by Ψ ρ . By applying the standard L p theory for elliptic boundary value problems we get that problem (2.9) and (2.11) has a unique solution β = T (ρ) ∈ W 4,q (Ω s ). Moreover, with a slight modification of the proof of Theorem 3.1 in [10] , we have T ∈ C ∞ (O, W 4,q (Ω s )). Substituting T (ρ) into (2.8) and deriving similarly as above, we obtain that problem (2.8) and (2.10) has a unique solution σ = R(ρ) satisfying R ∈ C ∞ O, W 4,q (Ω s )). We also refer to Lemma 3.1 in [8] .
Next, we substitute the above obtained σ = R(ρ) and β = T (ρ) into (2.12), and solve the Stokes problem (2.12)-(2.16). To this aim, for given ρ ∈ O, we consider a more general problem:
where ϕ ∈ W 2,q (Ω s ), g ∈ (W 1,q (Ω s )) 3 and h ∈ (B 2−1/(∂Ω s )) 3 . By a slight modification to the proofs of Lemma 2.3 and Lemma 2.4 in [28] , we can easily prove that Lemma 3.2. Let a 0 > 0 be sufficiently small. For given ρ ∈ O, if there holds 
We rewrite problem (2.12)-(2.16) in the form of (3.2), with
By Lemma 3.1, we immediately have ϕ ∈ W 2,q (Ω s ), g ∈ (W 1,q (Ω s )) 3 and h ∈ (B 2−1/(∂Ω s )) 3 . By (48) and (49) in [28] , we have
This implies that (3.3) holds for ϕ, g and h given by (3.6) . Hence it follows from Lemma 3.2 that problem (2.12)-(2.16) has a unique solution
where K(ρ) = κ ρ and N (ρ) = n ρ . By (2.6) we see
Substitute the obtained v in (3.7) into (2.17), and define a mapping Q : 
we have that ( σ, β, v, p, ρ) is a solution of problem (2.8)-(2.18).
Note that (3.10) is a fully non-linear problem. In the sequel, we shall prove that it is of parabolic type and establish the local well-posedness by applying analytic semigroup theory. Given two Banach spaces E 0 and E 1 , such that E 1 is continuously and densely embedded into E 0 , we denote by H(E 1 , E 0 ) the subset of all linear operators A ∈ L(E 1 , E 0 ) such that −A generates a strongly continuous analytic semigroup on E 0 . We denote by D the Fréchet derivative of smooth operators from O to B 3−1/(S 2 ). By a slight modification of the proof of Lemma 2.6 and Corollary 1 in [28] , we get the following fundamental result: Lemma 3.4 implies that problem (3.10) is of the parabolic type in O for sufficiently small a 0 , in the sense of Amann [1] and Lunardi [25] . Thus by analytic semigroup theory and applications to parabolic differential problems (cf. 
Moreover, the mapping (t, ρ 0 ) → ρ(t, ρ 0 ) defines a smooth semiflow on O.
Spectrum analysis
In this section we study the spectrum of DQ(0). Since B 4−1/(S 2 ) is compactly embedded into B 3−1/(S 2 ), it follows from Lemma 3.4 that the spectrum of the operator DQ(0), which we denote by σ (DQ(0) ), consists of all eigenvalues.
To compute the eigenvalues of DQ(0), we need to study the linearization of problem (1.1)-(1.11) at the radial stationary solution (σ s , β s , v s , p s , 0). Consider
,
where ε is a small real parameter and φ, ϕ, υ, ψ and η are new unknown functions. Let e r (x) = x/r be the unit outward normal field on ∂Ω s . Denote by Δ ω the Laplace-Beltrami operator on the sphere S 2 . Substituting (4.1) into (1.1)-(1.10) and collecting all ε-order terms in each equation, we get the linearized problem as follows (see Section 4 of [18] ):
As in Section 3, we can reduce equations (4.2)-(4.11) into a differential equation containing the unknown function η only. Indeed, for given T > 0 and η ∈ C([0, T ], B 4−1/(S 2 )), we first solve the elliptic boundary value problem (4.2)-(4.5) to get a unique solution (φ(t, ·), ϕ(t, ·)) ∈ W 4,q (Ω s ) × W 4,q (Ω s ) as a functional of η, and next substitute the obtained φ and ϕ into (4.6). By using Lemma 3.2 we get a unique solution ( υ(t, ·), ψ(t, ·)) ∈ W 3,q (Ω s ) 3 × W 2,q (Ω s ) of problem (4.6)-(4.8), (4.10) and (4.11), as a functional of η. Thus by substituting the solution υ(t, ·) into (4.9) and defining a mapping Q : B
we reduce equations (4.2)-(4.11) into the following equation:
It is easy to see that the linearization of the first equation of (3.10) is given by
By Lemma 2.1 and Lemma 3.3, problem (1.1)-(1.11) is equivalent to problem (3.10).
Hence the corresponding linearizations of (1.1)-(1.11) and (3.10) at the radial stationary solution should be equivalent. That is,
In the following, we study the eigenvalues of the operator Q. Motivated by [18] and [28] , we shall see that Q can be expressed in terms of Fourier expansions of spherical harmonics. For each l ∈ N ∪ {0}, let Y lm (ω) (m = −l, −l + 1, · · · , l − 1, l) be a normalized orthogonal basis of the space of all spherical harmonics of degree l. Note that {Y lm (ω) : l = 0, 1, 2, · · · ; m = −l, −l + 1, · · · , l − 1, l} is a normalized orthogonal basis of L 2 (S 2 ) and
Let V lm (ω), X lm (ω) and W lm (ω) be the corresponding vector spherical harmonics to Y lm (ω), where l = 0, 1, 2, · · · and m = −l, −l + 1, · · · , l − 1, l. All these vector spherical harmonics form a normalized orthogonal basis of (L 2 (S 2 )) 3 (see Appendix A of [18] and [23] ). Denote
For simplicity, we set η := Y lm (ω).
Substitute it into the above linearized problem, and we first solve the boundary value problem (4.2)-(4.5) to get the solution
where c l (r) and d l (r) satisfy
Recall that the well-known modified Bessel function I m (r) (m ≥ 0), which is given by (see [26] )
is the solution of the problem 
(4.19)
A simple computation shows that
and
(4.21) From (4.19) and (4.21) we have
Substituting (4.15) into (4.6) we see that
Then problem (4.6)-(4.8), (4.10) and (4.11) reads as (4.23)
The first two equations, (4.23) 1 and (4.23) 2 , imply that
Thus the solution of problem (4.23) can be expressed by
where a, b are unknown constant vectors, and P lm (r), v lm (r), x lm (r) and w lm (r) are unknown functions. By the well-known properties of vector spherical harmonics (see Appendix A of [18] and [23] ), we have
(4.26)
Substituting (4.25) and (4.26) into (4.23) 1 and (4.24), we obtain the following ODE system:
We define By the above formulas we easily have
Then by (4.22) and (4.28), we immediately get
Similarly, we get
The proof is completed.
Next we consider (4.23) 3 , i.e., the third equation of (4.23). Recall the following two well-known formulas (see Appendix A of [18] or [23] ):
We rewrite υ in (4.25) as
where
(4.30)
By Lemma 4.4 of [18] and [23] , a direct computation shows that 
Since X lm , Y lm e r and ∇ ω Y lm are mutually orthogonal, by combining (4.23) 3 and (4.32), we immediately get
(4.34)
It follows from (4.33) that C 1 = 0. By (4.28), (4.30) and Lemma 4.2, we have
(4.36)
Substituting (4.36) into (4.34) and (4.35), we get
Due to the condition (4.10) we have (cf. (5.8) in [18] )
Note that (b × x) · e r = 0 and ∇ ω Y lm (ω) · e r = 0. Thus by Lemma 4.1, (4.29) and (4.36) we have
By computing (4.38) × (2l + 1)R s + (4.39) × 3(l + 1), for l = 1, we have
(4.41)
Hence, for l = 1,
(4.42)
We define
where y l (R s ) is given by (4.37). Denote
Then (4.42) can be rewritten as follows:
Finally, we consider the case l = 1. Since problem (1.1)-(1.11) is translation invariant, by similar arguments as those in [9] and [18] , we have
In summary, we have proved that 
where α l (γ) is given by (4.44) .
As mentioned at the beginning of this section, the spectrum σ(DQ(0)) of DQ(0) consists only of eigenvalues. Thus by Lemma 4.3 we have the following result:
(ii) If γ > 0 and γ / ∈ {γ l } l≥2 , then the multiplicity of the eigenvalue 0 is 3.
Next we study the sign of the eigenvalue α l (r). We need the following properties of {γ l } l≥2 . (ii) Ifσ −σ − νβ > 0, then there exists a positive integer l * such that γ l is positive and monotone decreasing for l ≥ l * .
(iii) Ifσ −σ − νβ ≤ 0, then there are at most finite many positive γ l . In particular, if λ 2 ≥ λ 1 + (1/ν) andβ ≥ (λ 2 − λ 1 )σ, then for every l ≥ 2, we have γ l ≤ 0.
(iv) For every l ≥ 2, γ l is monotone decreasing forβ > 0.
Proof. (i) By the well-known formula (see [26] )
we have (4.47)
Combining (4.37), (4.43) and (4.47), we get (4.48) γ l = 4(l + 1)(2l + 3) l(l + 2)(2l + 1)
. Hence, we have lim l→∞ γ l = 0.
(ii) By (4.48), we see that ifσ −σ − νβ > 0, then γ l > 0 for l large enough, and ifσ −σ − νβ ≤ 0, then γ l ≤ 0 for l large enough. A direct computation shows that (4.49)
Thus assertion (ii) follows readily from (4.48) and (4.49).
(iii) Note that (4.50) g(r) = (r coth r − 1)
.
Using this formula and (1.18), we have
Since
Then we can rewrite (4.43) as (4.52) γ l = 4(l + 1)(2l + 3) l(l + 2)(2l + 1) 
and the center manifold is given by
which is a three-dimensional smooth manifold consisting of all stationary solutions and attracting all small global solutions of (3.10) exponentially. Moreover, for any ρ 0 ∈ O 2 and any 0 < ω < ω − , there exist a unique couple (x 0 ,ρ 0 ) ∈ G × O 1 and a positive constant K = K(ω) such that ρ 0 = S * x 0 (ρ 0 ) and {Reλ}.
It follows that assumption (B 4 ) of Theorem 2.1 of [30] is satisfied. By Theorem 9.1.3 in [25] we know that the zero equilibrium of the Cauchy problem (3.10) is unstable. Thus by the equivalence of the problem (3.10) and problem (1.1)-(1.11), we have that (σ s , β s , v s , p s , 0) is unstable. Define the spectral projection associated to DQ(0) by
where Γ is a closed smooth curve in the complex plane enclosing the spectral part {0} ∪ σ + (DQ(0) ). If furthermore γ / ∈ {γ l } l≥2 , similarly as above, we can easily verify that assumptions (B 1 )-(B 3 ) of Theorem 2.1 of [30] , which are the same as the ones of Theorem 2.1 of [9] , are satisfied. Hence, by applying Theorem 2.1 (i) of [30] and (3.9), we have that there exist a neighborhood O 0 ⊂ O and a smooth mapping with R (0) = 0, such that M := Graph(R) constructs a center-stable manifold of (3.10) having the following properties: For any ρ 0 ∈ O 0 satisfying ρ 0 ∈ Graph(R), the solution ρ(t, ρ 0 ) of (3.10) exists globally and converges to the zero equilibrium exponentially; conversely, if the global solution ρ(t, ρ 0 ) of (3.10) converges to the zero equilibrium exponentially and ρ 0 ∈ O 0 ∩ (I − P )B 4−1/(S 2 ), then ρ 0 ∈ Graph(R). Besides, by Theorem 2.1 (iii) of [30] , there exist two neighborhoods O 2 ⊂ O 1 ⊂ O 0 such that for any ρ 0 ∈ O 2 , if the solution ρ(t, ρ 0 ) exists globally and is contained in O 1 , i.e., ρ(t, ρ 0 ) ∈ C([0, ∞), O 1 ); then there exists a unique couple (x 0 ,ρ 0 ) ∈ G × Graph(R) such that ρ 0 = S * x 0 (ρ 0 ) and (5.6) holds for all 0 < ω < ω − and some positive constant K = K(ω). Moreover, by Lemma 5.2, for the solution with initial dataρ 0 , we have ρ(t,ρ 0 ) = S * x 0 (ρ(t, ρ 0 )) = ρ [x 0 ] (t, ρ 0 ), then there holds ρ [x 0 ] (t, ρ 0 ) ∈ Graph(R). This completes the proof of Theorem 1.1.
Conclusions and biological implications
We have studied a free boundary problem modeling the growth of tumors with fluid-like tissue under the action of inhibitors. By first transforming the moving domain into a fixed reference domain we convert the free boundary problem into a Cauchy problem in Banach spaces. Then by analyzing the linearized problem at the radial stationary solution and using analytic semigroup theory and Cui's local phase theorem ( [9, 30] ), we proved that if the radial stationary solution is asymptotically stable under small radial perturbations, then there exists a nonnegative threshold value γ * such that if γ > γ * , then it is still asymptotically stable under small non-radial perturbations, whereas if 0 < γ < γ * , then it is unstable, and we also give a description of the local phase of unstable solutions.
From the point of view of modeling, the mathematical results give us some interesting biological implications. Instability of a tumor means that the tumor may change shape and, in particular, may develop protrusions or "fingers" into the surrounding tissue and become invasive. The parameter γ is the cell-to-cell adhesiveness and plays an important role in keeping the tumor cohesive ( [4, 5] ); tumor invasion into neighborhood tissue is associated with decreased cell-to-cell adhesiveness. To assess the effect of inhibitors on tumor's growth, we show that the threshold value γ * is a monotone decreasing function of the inhibitor supplȳ β. This implies that an increasing inhibitor supply may increase the probability of tumor growth evolving into a dormant state. Thus, the inhibitor has a positive effect on the tumor's treatment, promotes the tumor's stability and makes it benign.
The material properties of tumor tissue and its surroundings also effect the stability of tumor growth ( [18, 19] ). It is interesting to compare a tumor with fluidlike tissue and a solid tumor with porous medium tissue. This can be achieved by comparing the threshold value γ * with the corresponding one, which we denote byγ * , obtained in [27] for a solid tumor with porous medium tissue modeled by Darcy's law. The result shows that if 0 < R s < √ 210/5, then γ * >γ * , while γ * <γ * if R s is large enough. Thus, a tumor with fluid-like tissue has its own characteristics. It indicates that a tumor with fluid-like tissue is more hazardous than a solid tumor with porous medium tissue for small R s , whereas for large enough R s this is reversed, that is, a tumor with fluid-like tissue is more unaggressive.
These results are hoped to be useful in scientific studies of mechanisms of tumor growth and the medical treatment of cancers.
